Abstract: By using an interpolative approach, we recognize the Hardy-Rogers fixed point theorem in the class of metric spaces. The obtained result is supported by some examples. We also give the partial metric case, according to our result.
Introduction and Preliminaries

A Banach couple is two Banach spaces
We denote by L(AB, CD) the linear space of all bounded operators from the couple (A, B) to the couple (C, D). This is a Banach space in the norm T L(AB,CD) = max { T A→B , T C→D }. A triple (A, B, E) is said to be an interpolation triple of type α (0 ≤ α ≤ 1) relative to (C, D, F) if it is an interpolation triple and the following inequality holds:
for some constant c.
Inspired by the definition above, the interpolative Kannan contraction has been described in [2] as follows: Given a metric space (X, d), the mapping T : X → X is said to be an interpolative Kannan contraction mapping if
for all θ, ϑ ∈ X with θ = Tθ, where λ ∈ [0, 1) and α ∈ (0, 1). The main result in [2] is the following.
Theorem 1 ([2]
). Let (X, d) be a complete metric space and T be an interpolative Kannan type contraction. Then T has a unique fixed point in X.
Karapınar, Agarwal and Aydi [3] gave a counter-example to Theorem 1, showing that the fixed point may be not unique. The corrected version of Theorem 1 is the following.
Theorem 2 ([3]
). Let (X, d) be a complete metric space. Let T : X → X be a given mapping such that
for all θ, ϑ ∈ X\Fix(T), where Fix(T) = {u ∈ X, Tu = u}. Then T has a fixed point in X.
On the other hand, one of generalizations of the Banach Contraction Principle [4] is due to Hardy-Rogers [5] .
Theorem 3. Let (X, d) be a complete metric space. Let T : X → X be a given mapping such that
for all θ, ϑ ∈ X, where α, β, γ, δ are non-negative reals such that α + β + γ + δ < 1. Then T has a unique fixed point in X.
In this paper, we introduce the concept of interpolative Hardy-Rogers type contractions, and provide some examples illustrating the obtained result. We also extend our obtained result to partial metric spaces.
Main Results
We start this section by introducing the notion of interpolative Hardy-Rogers type contractions. Definition 2. Let (X, d) be a metric space. We say that the self-mapping T : X → X is an interpolative Hardy-Rogers type contraction if there exists λ ∈ [0, 1) and α, β, γ ∈ (0, 1) with α + β + γ < 1, such that
for all θ, ϑ ∈ X\Fix(T). Proof. Starting from θ 0 ∈ X, consider {θ n }, given as θ n = T n (θ 0 ) for each positive integer n. If there exists n 0 such that θ n 0 = θ n 0 +1 , then θ n 0 is a fixed point of T. The proof is completed. So, assume that θ n = θ n+1 for all n ≥ 0. By substituting the values θ = θ n and ϑ = θ n−1 in (2), we find that
Consequently, the inequality (13) yields that
So, we conclude that
By a simple elimination, the inequality (13) implies that
We deduce that
On account of the assumption that λ < 1, by taking n → ∞ in the inequality (15), we get that = 0. In what follows, we shall prove that {θ n } is a Cauchy sequence by employing standard tools. More precisely, starting with the triangle inequality, we shall get the following estimation:
Thus, {θ n } is a Cauchy sequence in the complete metric space (X, d), and so there exists θ ∈ X such that lim n→∞ d (θ n , θ) = 0. Suppose that θ = Tθ. Since θ n = Tθ n for each n ≥ 0, by letting θ = θ n and ϑ = θ in (2), we have
Letting n → ∞ in the inequality (19), we find that d(θ, Tθ) = 0, which is a contradiction. Thus,
In what follows, we shall consider the analog of Theorem 4, in the setting of partial metric spaces. For this purpose, we recall the fundamental notions and basic observations. Definition 3 (See [6] ). Let X be a non-empty set. A function p : X × X → [0, ∞) is said to be a partial metric if the following conditions are fulfilled, for each ξ, η, ζ ∈ X:
In this case, (X, p) is said to be a partial metric space.
is a standard metric on X. It is natural to define the basic topological concepts, in particular, convergence of a sequence, fundamental (Cauchy) sequence criteria, continuity of the mappings, and completeness of the topological space, in the framework of partial metric spaces; see, for example, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Definition 4.
In the framework of a partial metric space (X, p), we say that
(ii) a sequence {ξ n } is fundamental (or Cauchy) if lim n,m→∞ p(ξ n , ξ m ) exists and is finite;
(iii) a partial metric space (X, p) is complete if each fundamental sequence {ξ n } converges to a point ξ ∈ X such that p(ξ, ξ) = lim n,m→∞ p(ξ n , ξ m ); and (iv) a mapping F : X → X is continuous at a point ξ 0 ∈ X if, for each > 0, there exists δ > 0 such that
In what follows, we shall recall the following easily-derived lemma (see [6] ).
Lemma 1.
Let p be a partial metric on a non-empty set X and ρ p be the corresponding standard metric space on the same set X.
(a) A sequence {ξ n } is fundamental in the framework of a partial metric (X, p) if and only if it is a fundamental sequence in the setting of the corresponding standard metric space (X, ρ p ). (b) A partial metric space (X, p) is complete if and only if the corresponding standard metric space (X, ρ p ) is complete. Moreover,
(c) If ξ n → ζ as n → ∞ in a partial metric space (X, p) with p(ζ, ζ) = 0, then we have
The following theorem is an analog of Theorem 4, in the setting of partial metric spaces.
Theorem 5. Let (X, p) be a completed partial metric space. Let T : X → X be a given mapping. Suppose there exists λ ∈ [0, 1) and α, β, γ ∈ (0, 1) with α + β + γ < 1, such that
for all ξ, η ∈ X\Fix(T). Then, T has a fixed point in X.
Proof. For any ξ 0 ∈ (X, p), we construct a sequence {ξ n } by ξ n = T n (ξ 0 ) for each n ∈ N. If there exists n 0 such that ξ n 0 = ξ n 0 +1 , then ξ n 0 is a fixed point of T. The proof is completed. So, assume that ξ n = ξ n+1 for each n ≥ 0. By substituting the values ξ = ξ n and η = ξ n−1 in (12), we find that
Now, if we suppose that p (ξ n−1 , ξ n ) ≤ p (ξ n , ξ n+1 ), then the inequality (13) yields p (ξ n , ξ n+1 ) ≤ λp (ξ n , ξ n+1 ), a contradiction (since λ < 1). Thus, we conclude p (ξ n , ξ n+1 ) ≤ p (ξ n−1 , ξ n ), that is, {p (ξ n−1 , ξ n )} is a non-increasing sequence. Accordingly, we get, by inequality (13) , that
Thus, there is a nonnegative constant such that lim
Since λ, α < 1 we haveλ := λ α < 1. Hence, by letting n → ∞ in (15), we get that = 0. We shall use the modified triangle inequality of the partial metric to prove that {ξ n } is a fundamental (Cauchy) sequence:
We conclude that {ξ n } is a fundamental sequence in (X, p), by taking n → ∞. By Lemma 1, {ξ n } is fundamental sequence in the corresponding standard metric (X, ρ p ). More particularly, since (X, p) is complete, (X, ρ p ) is also complete. Hence, there exists ξ ∈ X such that
which implies that lim
As a next step, we make evident that the limit ξ of the iterative sequence {ξ n } is a fixed point of the given mapping T. Assume that ξ = Tξ, so p(ξ, Tξ) > 0. Recall that ξ n = Tξ n for each n ≥ 0. By letting ξ = ξ n and η = ξ in (12), we determine that
Letting n → ∞ in the inequality (19), we find that p(ξ, Tξ) = 0, and so ξ = Tξ, which is a contradiction. Thus, Tξ = ξ .
In the following examples, the fixed point exists but is not unique.
for all θ, ϑ ∈ X\Fix(T); that is, (2) holds. All the hypotheses of Theorem 4 are satisfied, and so T has a fixed point. Here, we have two fixed points, which are 0 and 1.
On the other hand, for θ = 0 and ϑ = 1, we have Define the self-mapping on X as
Let θ, ϑ ∈ X\Fix(T). Then θ, ϑ / ∈ (0, 1), and so d(Tθ, Tϑ) = 0; that is, (2) holds. Thus, all the hypotheses of Theorem 4 hold, and so T has a fixed point. Here, we have an infinite number of fixed points.
On the other hand, Theorem 3 is not applicable (it suffices to take θ = 0 and ϑ = 1).
Remark 1.
It is known that Theorem 3 is a generalization of the Banach, Kannan, and Reich fixed point results.
Note that, in our new approach via interpolation, there is no relation between all of the above results using the interpolative approach. That is, Theorem 4 is totally independent of Corollary 2.1 in [3] and Theorem 2.
Conclusions
We aim to enrich the fixed point theory by involving interpolative approaches.
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